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Abstract

A coupled hygro-thermo-mechanical computational model is proposed for fi-

bre reinforced polymers, formulated within the framework of Computational

Homogenisation (CH). At each macrostructure Gauss point, constitutive ma-

trices for thermal, moisture transport and mechanical responses are calcu-

lated from CH of the underlying representative volume element (RVE). A

degradation model, developed from experimental data relating evolution of

mechanical properties over time for a given exposure temperature and mois-

ture concentration is also developed and incorporated in the proposed compu-

tational model. A unified approach is used to impose the RVE boundary con-

ditions, which allows convenient switching between linear Dirichlet, uniform

Neumann and periodic boundary conditions. A plain weave textile composite

RVE consisting of yarns embedded in a matrix is considered in this case. Ma-

trix and yarns are considered as isotropic and transversely isotropic materials
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respectively. Furthermore, the computational framework utilises hierarchic

basis functions and designed to take advantage of distributed memory high

performance computing.

Keywords: Multi-scale computational homogenisation,

Hygro-thermo-mechanical analysis, Fibre reinforced polymer, Textile

composites, Degradation model, Hierarchic basis functions

1. Introduction

Fibre reinforced polymer (FRP) composites have exceptional mechanical

and chemical properties, including light weight, high specific strength, fatigue

and corrosion resistance, low thermal expansion and high dimensional stabil-

ity. They are commonly used in engineering application including aerospace,

ships, offshore platforms, automotive industry, prosthetics and civil struc-

tures [1, 2]. Textile or woven composites is a class of FRP composites, in

which interlaced fibres are used as reinforcement, which provides full flexi-

bility of design and functionality due to the mature textile manufacturing

industry [3]. A detailed review, explaining the design and fabrication of tex-

tile preforms including weaving, knitting, stitching and braiding with their

potential advantages and limitations is given in [4]. As compared to the

standard laminated composites, textile composites have better damage and

impact resistance, better through-thickness properties and reduced manufac-

turing cost. However, waviness of the yarns in the textile composites reduces

the tensile and compressive strengths [5].

Due to their complicated and heterogeneous microstructure, Computa-

tional Homogenisation (CH) provides an accurate modelling framework to
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simulate the behaviour of FRP composites and determine the macro-scale

homogenised (or effective) properties, including mechanical stiffness, thermal

conductivity and moisture diffusivity, based on the physics of an underlying,

microscopically heterogeneous, representative volume element (RVE) [6–10].

The homogenised properties calculated from the multi-scale CH are subse-

quently used in the numerical analysis of the macro-level structure. A variety

of analytical and numerical homogenisation schemes have been developed for

textile based FRP composites, which are normally based on the existence

of an RVE and focus attention on the mechanical behaviour. Analytical

methods are quick and easy to use but generally give poor estimates of the

homogenised properties and are normally based on oversimplified assump-

tions of the microstructure and states of stress and strain. In the literature,

some of the analytical homogenisation schemes, with their potential applica-

tions and limitations highlighted, are given in [10–14]. Numerical techniques,

on the other hand, can accurately estimate the homogenised properties by

capturing accurately the intricate micro-structure exactly but are computa-

tionally expensive. Examples of numerical homogenisation schemes applied

to FRP composites can be found in [15–20]. A review article, summaris-

ing some of the analytical and numerical homogenisation techniques for the

mechanical properties of the textile composite is given in [21].

During their service lives, FRP structures can be exposed to harsh hygro-

thermal environmental conditions in addition to mechanical loading, which

can lead to matrix plasticisation, hydrolysis and degradation of fibres/matrix

interfaces [22–24]. In the long-term, these processes significantly reduce the

mechanical performance of these structures. Therefore, understanding heat
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and moisture transport mechanisms and their effect on the mechanical perfor-

mance are fundamental for assessing the long-term use of FRP structures. Ef-

fective diffusivities of FRP composites with impermeable fibres were studied

in [25] within the context of FEM, considering the variation in fibre volume

within square and hexagonal unit cells. In [26], effective moisture diffusiv-

ity as a function of temperature and fibre volume fraction were investigated

for FRP composites with permeable fibres using a unit cell approach. For

textile composites, moisture transport was studied in [22, 23] as a function

of variation in tow architectural parameters, e.g. tow waviness, tow cross-

section shape and wave pattern. Transient moisture transport in multilayer

textile composites was investigated in [27]. An analogy between thermal and

moisture transport analysis was used in [28] to study the moisture diffusion

and corresponding weight gain for carbon braided composites. In [24, 29], a

multi-scale CH framework based on the hygro-mechanical analysis was pro-

posed while using a two-dimensional RVE with randomly distributed fibres

in 0o and 90o directions. A two way coupling was considered between the me-

chanical and moisture transport analysis and a model reduction scheme was

used to reduce the computational cost. For the composite material, defor-

mation dependent diffusion at finite strains was considered in [30]. Masonry

wall reinforced with FRP reinforcement was studied in [31] while consider-

ing hygro-thermo-mechanical analysis. A recent review article [32], explains

different degradation mechanism for FRP composites in connection with dif-

ferent environmental conditions.

In this paper, a coupled hygro-thermo-mechanical computational frame-

work based on the multiscale CH is proposed for FRP composites. At each
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integration point, an RVE consisting of single plain weave textile composite

is considered, consisting of yarns embedded in the matrix. Elliptical cross

sections and cubic spline paths are used to model the geometry of these yarns.

Separate RVEs are considered for the heat transfer, moisture transport and

mechanical CH. One-way coupling is considered in this case, i.e. mechanical

analysis is assumed to be dependent on both moisture transport and thermal

analyses but any influence on the moisture or thermal behaviour due to the

mechanical behaviour is ignored. A degradation model, developed from ex-

perimental data relating evolution of mechanical stiffness over time for given

exposure temperatures and moisture concentration was also developed and

incorporated in the proposed computational framework. A unified approach

is used to impose the RVE boundary conditions, which allows convenient

switching between the different RVEs boundary conditions (linear Dirichlet,

uniform Neumann and periodic) [33]. For a given size of RVE the periodic

boundary conditions gives a better estimation of the homogenised material

properties as compared to linear Dirichlet and uniform Neumann boundary

conditions, which give an upper and lower limit [33–35] respectively.

The developed computational framework utilises the flexibility of hierar-

chic basis functions [36], which permits the use of arbitrary order of approx-

imation, thereby improving accuracy for relatively coarse meshes. For the

thermal and moisture transport analyses both matrix and yarns are assumed

as isotropic materials, while for the mechanical analysis, the yarns are con-

sidered as transversely isotropic materials. The required principal directions

of the yarns for the transversely isotropic material model are calculated from

potential flow analysis along these yarns. Furthermore, distributed memory
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high performance computing is used to reduce the computational cost asso-

ciated with the current multi-scale and multi-physics computational frame-

work.

This paper is organised as follows. The multi-scale CH framework and

corresponding implementation of the RVE boundary conditions are described

in §2. Transient heat and moisture transport analyses along with their FE

implementation are discussed in §3. The derivation of the degradation model

from the experimental data is next explained in §4. The overall multi-scale

and multi-physics computational framework is described in detail in §5. Com-

putation of yarns directions are explained in §6. A three-dimensional numer-

ical example and concluding remarks are given in §7 and §8 respectively.

2. Multi-scale computational homogenisation

In multi-scale CH, a heterogeneous RVE is associated with each Gauss

point of the macro-homogeneous structure. Multi-scale CH gives us directly

the macro-level constitutive relation, allows us to incorporate large defor-

mation and rotation on both micro- and macro-level and both physical and

geometric evolution can be included on both micro- and macro-level [34]. The

multi-scale CH procedure and corresponding implementation of RVE bound-

ary conditions is described initially for the mechanical case, which is sub-

sequently extended to corresponding thermal and moisture transport cases.

The first order multi-scale CH is used in the paper, the basic principle of

which is shown in Figure 1, where Ω ⊂ R3 and Ωµ ⊂ R3 are macro and micro

domains respectively. Macro-strain ε =
[
ε11 ε22 ε33 2ε12 2ε23 2ε31

]T
is first calculated at each Gauss point x =

[
x1 x2 x3

]T
of the macro-
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structure, which is then used to formulate the boundary value problem on

the micro-level. After solution of the micro-level boundary value problem, ho-

mogenised stress σ =
[
σ11 σ22 σ33 σ12 σ23 σ31

]T
and stiffness matrix

C are calculated. Separation of scales is assumed in the first-order CH, i.e.

the micro length scale is considered to be very small compared to the macro

length scale and the macro-strain field attributed to each RVE is assumed to

be uniform. Therefore, first-order CH is not suitable for problems with large

strain gradient (but can be used for problems subjected to large strain) and

cannot be used to take into account micro-level geometric size effects [7, 34].

On the micro-level at any point y =
[
y1 y2 y3

]T
the displacement field

is written as [37–39]

uµ (y) = ε (x) y + ũµ (y) , (1)

where εy is a linear displacement field and ũµ is a displacement fluctuation.

The micro-strain associated with point y is written as

εµ (y) = ∇suµ = ε (x) + ε̃ (y) , (2)

where ε̃ (y) = ∇sũµ is the strain fluctuation at the micro-level and ∇s is the

symmetric gradient operator. Furthermore, volume average of the micro-

strain is equivalent to the macro-strain:

ε (x) =
1

V

∫
Ωµ

εµ (y) dΩµ = ε (x) +
1

V

∫
Ωµ

ε̃µ (y) dΩµ, (3)
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where V is the volume of the RVE. It is clear from Equation (3) that the

volume average of the strain fluctuation is zero, i.e.

1

V

∫
Ωµ

ε̃µ (y) dΩµ = 0. (4)

The micro-equilibrium state in the absence of body force is written as

div (σµ) = ∇ · σµ = 0, (5)

or in the variational form

∫
Ωµ

σµ (y) : ∇sηµdΩµ −
∫
∂Ωµ

t (y) · ηµ∂Ωµ = 0, (6)

where t is an external applied traction and ηµ is a virtual displacement.

No constitutive assumption is made for the macro-level problem, and the

macro-stress σ is determined by volume averaging of the micro-stress σµ,

i.e.

σ (x) =
1

V

∫
Ωµ

σµ (y) dΩµ. (7)

To determine consistent RVE boundary conditions Hill-Mandel principle is

used, which equates the work done at the micro and macro levels, i.e.

ε : σ =
1

V

∫
Ωµ

εµ : σµdΩµ, (8)

After combining Equations (8), (7), (6) and (1), we obtain

∫
∂Ωµ

t (y) · η∂Ωµ = 0, (9)
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i.e. the virtual work associated with the traction t vanishes and the varia-

tional form of the equilibrium Equation (6) reduce to

∫
Ωµ

σµ (y) : ∇sηµdΩµ = 0. (10)

Thus, on the RVE level, the problem reduces to the calculation of the dis-

placement fluctuation ũµ for a given macro-strain ε.

In this work, we consider three types of RVE boundary conditions, which

can be shown to satisfy the Hill-Mandel principle [33, 35]

1. Linear boundary displacement (Dirichlet): In this case, the displace-

ment fluctuation ũµ are assumed as zero over the boundary of the RVE,

which leads to fully prescribed displacements on the RVE boundary

uµ (y) = ε (x) y, ∀y ∈ ∂Ωµ. (11)

2. Periodic boundary conditions: In this case it is assumed that displace-

ment fluctuation ũµ is periodic and traction is anti-periodic, i.e.

ũµ (y+) = ũµ (y−)

t (y+) = −t (y−)

 ∀ pairs
{

y+, y−
}
, (12)

where y+ and y− are a pair of points on the opposite boundary of the

RVE, i.e. ∂Ω+
µ and ∂Ω−µ respectively.

3. Uniform traction (Neumann) boundary conditions: In this case the

traction on the boundary of the RVE is written in term of the macro-
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stress σ, i.e.

t = σ · n, (13)

where n is the outward normal of the RVE boundary.

The imposition of these different type of RVE boundary conditions leads to

different responses of the RVE. The linear displacement boundary condition

gives the stiffest response followed by periodic, while the uniform traction

boundary condition imposes the least kinematic constraint. In this paper,

RVE boundary conditions are prescribed using the procedure given in [33]

with extension to three-dimensions. The final discretised system of equations

in the case of the RVE is written as K CT

C 0

 u

λ

 =

 0

Dε

 , (14)

where K and u are the standard FE stiffness matrix and displacement vector

and λ is the unknown vector of Lagrange multipliers required to impose the

RVE boundary conditions. Matrices C and D are given as

C =

∫
∂Ωµ

HNTNd∂Ωµ, D =

∫
∂Ωµ

HNTXd∂Ωµ. (15)

In Equation (15), N is a matrix of shape functions and X is a matrix of

spatial coordinates, evaluated at Gauss points during numerical integration
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of the surface integrals in Equation (15) and is given as

X =
1

2


2y1 0 0 y2 y3 0

0 2y2 0 y1 0 y3

0 0 2y3 0 y1 y2

 . (16)

Furthermore, H is a matrix that is specific to the type of boundary condi-

tions used, each row of which represents an admissible distribution of nodal

traction forces on the RVE boundary [33]. The specific choice of H in case

of linear displacement, periodic and uniform traction boundary conditions

can be found in [33, 39] and is not repeated here. Method of static conden-

sation and projection matrices are alternative procedures to solve system of

equations (14) [33].

To determine the homogenised stress, the right hand side of Equation (8)

is written in term of surface quantities, i.e.

ε : σ =
1

V

∫
∂Ωµ

t · uµd∂Ωµ. (17)

Furthermore, the work done by the traction on displacements is equal to the

work of the generalised tractions (Lagrange multiplers) on the generalised

displacements (strains):

uT t = (Dε)Tλ. (18)

With reference to Equations (17) and (18), the homogenised stress can be

determined as:

σ =
1

V
DTλ (19)
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For the macro-level finite element analysis, material stiffness matrix C need

to be determined at each Gauss point. The relationship between macro-stress

and strain is written as

σ = Cε. (20)

To compute the homogenised stiffness matrix C, six linear system of equa-

tions for the RVE need to be solved for a given set of unit strain vectors.

This will give a set of homogenised stresses, i.e.

C =
[
σ1 σ2 σ3 σ4 σ5 σ6

]
, (21)

where for example:

σ1 : for ε =
[

1 0 0 0 0 0
]T

σ4 : for ε =
[

0 0 0 1 0 0
]T . (22)

In each of the six cases, only the right-hand side of the system of Equations

(14) changes, which is solved very efficiently as the left-hand side matrix is

factorised only once.

Computational homogenisation for thermal and moisture transport cases

are very similar and is presented as a single case in the following. The com-

plete derivation is not repeated due to its similarity with the mechanical

counterpart but only the key differences are highlighted. The gradient of

macro field ∇ψ =
[

∂ψ
∂x1

∂ψ
∂x2

∂ψ
∂x3

]T
is used to formulate the boundary

value problem on the micro-level, where ψ = T, c is a scalar field (tem-

perature and moisture concentration respectively). The homogenised flux

qψ =
[
qx1ψ qx2ψ qx3ψ

]T
and corresponding conductivity matrix Kψ are next
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obtained after solution of RVE’s boundary value problem. The complete

homogenisation process for this case is also shown in Figure 1. Similar to

Equation (14), the final discretised system of equations in this case is written

as:  Kψ CT
ψ

Cψ 0

 ψµ

λψ

 =

 0

D∇ψ

 , (23)

where Kψ and ψµ are the standard FE conductivity matrix and vector of field

values (temperature or moisture concentration) respectively. λψ is a vector

of Lagrange multipliers, requires to impose the RVE boundary conditions.

In contrast to the three Lagrange multipliers per node for the mechanical

case, only one Lagrange multiplier per node is required for temperature and

moisture transport RVEs. Equations for both Cψ and D remains the same

as their mechanical counterpart in Equation (15), albeit with reduced dimen-

sions due to there being only one degree of freedom per node. The matrix

for special coordinates, Equation (16) is modified as

X =


y1 0 0

0 y2 0

0 0 y3

 . (24)

Furthermore, with reference to Equation (19), the homogenised flux is written

as:

qψ =
1

V
DTλψ. (25)

The homogenised flux qψ and gradient of field values ∇ψ are related with
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the following equation:

qψ = Kψ∇ψ. (26)

3. Macro-level transient field problems

FRP structures on the macro-level are generally exposed to hygro-thermal

environmental conditions and require a detailed heat and moisture transport

analysis. In this paper, conduction and diffusion models are considered for

the heat and moisture transport analysis respectively, both of which can be

represented by the following governing equation (conservation of energy for

heat transfer and conservation of mass for moisture transport)

ρcp
∂ψ

∂t
= K

x1
ψ

∂2ψ

∂x1
2

+K
x2
ψ

∂2ψ

∂x2
2

+K
x3
ψ

∂2ψ

∂x3
2
, (27)

where t is time, ρ and cp are macro-level density and specific heat capacity

respectively. K
x1
ψ , K

x2
ψ and K

x3
ψ are thermal or moisture conductivities in

x1, x2 and x3 directions respectively, and are assumed to be independent of

temperature T or moisture concentration c. In Equation (27), it is assumed

that heat and moisture transport are governed by Fourier’s law and Fick’s

law respectively. Fourier’s law for the heat conduction is expressed as

qT = −KT∇T, (28)
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where qT =
[
qx1T qx2T qx3T

]T
is a vector of heat fluxes and KT is matrix of

thermal conductivities and is written as

KT =


K
x1
T 0 0

0 K
x2
T 0

0 0 K
x3
T

 . (29)

Similarly, Fick’s law is written as

qc = −Dc∇c, (30)

where qc =
[
qx1c qx2c qx3c

]T
is a vector of moisture fluxes and Dc is matrix

of moisture diffusivities and is written as

Dc =


D
x1
c 0 0

0 D
x2
c 0

0 0 D
x3
c

 , (31)

where D
x1
c , D

x2
c and D

x3
c are moisture diffusivities in x1, x2 and x3 directions.

Using Equation (27), the relationship between diffusivity and conductivity is

written as

Dψ =
Kψ

ρcp
. (32)

Equation (27) is discretised in the standard way:

ψ = Nψ. (33)

with N =
[
N1 N2 · · · Nn

]
and ψ =

[
ψ1 ψ2 · · · ψn

]T
the vectors
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of shape functions and nodal degrees of freedom. Thus, the discretised form

Equation (27) is written as [40]

C∂ψ
∂t

+ Kψψ = f , (34)

where

C =

∫
Ω

ρcpN TNdΩ, (35)

Kψ =

∫
Ω

BTKψBdΩ, (36)

and

f =

∫
∂Ωq

qsN Td∂Ωq, (37)

where qs = qψn with n =
[
nx1 nx2 nx3

]T
, the vector of normal direction

cosines. Finally, B is the matrix of shape functions derivatives and ∂Ωq is

the boundary with specified fluxes.

4. Degradation model

A fully generalised degradation model has been developed based on ex-

perimental data for the mechanical properties of FRP composites subjected

to different hygro-thermal environmental conditions. The experimental data

provided by our project partner at the University of Bath, UK, involves ac-

celerated ageing, i.e. immersing of FRP composites samples in hot distilled

water with exposure temperatures of 25oC, 40oC, 60oC and 80oC, where dif-

ferent mechanical parameters (tensile strength, shear strength, young mod-

ulus and shear modulus) are recorded after 0, 28, 56 and 112 days. The

proposed model can be used to predict the mechanical properties of FRP
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composites with given histories of environmental exposure temperature and

moisture concentration. The FRP composite used for the experimental stud-

ies is pultruded E-glass fibre reinforced (isophthalic polyester) polymer.

The experimental data for the degradation of shear modulus with ageing

for different exposure temperature is shown in Figure 2, which shows a clear

decreasing trend for the exposure temperatures of 25oC, 60oC and 80oC. The

degradation data for the exposure temperature 40oC is not consistent with

the other three and is ignored in the subsequent analysis. An exponential

trend of the form

G |T (t) = Goe
−αt, (38)

is assumed, where T is exposure temperature in oC, G |T is shear modulus

at temperature T , Go = 3.76 GPa is shear modulus for the dry FRP sample,

α is model parameter and t is time in days. An exponential trend is chosen

for its simplicity, requiring only one model parameter α. Furthermore, due

to an exponential trend, shear modulus will tends to zero for degradation

over a very long period, i.e. limt→∞G = 0. Comparison between the ex-

perimental and the exponential curves fitted to the experimental data (using

the MATLAB Curve Fitting Toolbox) is shown in Figure 3, where values

of the model parameter α are 0.0023, 0.0027 and 0.0040 for the exposure

temperatures of 25oC, 60oC and 80oC respectively. Parameter α represents

the rate of of degradation of the FRP material and increases with exposure

temperature. In generalised form, for any exposure temperature T , Equation

(38) is written as

G (T, t) = Goe
−α(T )t, (39)
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where α (T ) is function of temperature and is written as

α (T ) = βln

[
1− T

Tg

]
, (40)

where Tg is the glass transition temperature and β is a model parameter. In

this case, an experimentally calculated glass transition temperature of 126

oC is used. The specific choice of Equation (40) is based on the general ob-

servation that the degradation stops at T = 0K = −273.15oC and increases

rapidly at T → Tg. Using the values of α already estimated for the exposure

temperature of 25oC, 60oC and 80oC, a value of β can be estimated using

least square fitting, i.e. minimisation of the following equation w.r.t. β

F (β) =
3∑
i=1

(
αi − βln

[
1− Ti

Tg

])2

, (41)

leading to a value of β = −0.001682. Using this value, a comparison with the

fitted exponential curves is shown in Figure 3 indicating very good agreement.

Furthermore, the least square fitted curve adheres to the aforementioned

assumption for the rate of degradation at T = 0K and T = Tg. Combining

Equation (39) and (40), the degradation model is written as

G (T, t) = Goe
−βln

[
1− T

Tg

]
t
. (42)

A comparison between the experimental data, fitted exponential curves and

the proposed degradation model (Equation (42)) is shown in Figure 5.

The degradation model in Equation (39) is next adapted to include the

degree of moisture exposure. A new model parameter is introduced, γ, that
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is dependent on moisture concentration, c, and Equation (42) is modified as

follows:

G (T, t) = Goe
−βγ(c)ln

[
1− T

Tg

]
t
. (43)

In this paper, due to the lack of experimental data, a simple linear relation-

ship for γ (c) is proposed (shown in Figure 6), i.e. for fully saturated sample

(e.g. sample fully immersed in water) γ (c = 1) = 1 and γ (c = 0) = 0. Thus

Equation (43) becomes

G (T, c, t) = Goe
−cβln

[
1− T

Tg

]
t
. (44)

Equation (44) is next modified for the real case of temporally varying tem-

perature T (t) and moisture concentration c (t), which in the rate form is

written as

d

dt
G (T, c, t) =

∂G

∂T�
�
��7

0
∂T

∂t
+
∂G

∂c �
�
���
0

∂c

∂t
+
∂G

∂t
= −cβln

(
1− T

Tg

)
G. (45)

We have assumed that the degradation process is very slow compared to

the daily variation of temperature T and moisture concentration c. This

degradation model is now generalised for the matrix isotropic damage, with

the assumption that it degraded in a similar way as shear modulus, and is

expressed as
d

dt
(1− ω) = −cβln

(
1− T

Tg

)
(1− ω) , (46)

where ω is the isotropic damage parameter, with ω = 0 equivalent to no

degradation and ω = 1 is full degradation. This degradation model is discre-

tised in time using an implicit Backward Euler Method.
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5. Computational framework

The proposed computational framework, composing a series of micro and

macro-level analyses, is implemented in our group’s FE software MoFEM

(Mesh Oriented Finite Element Method) [41]. The detailed flow chart for

the computational framework is shown in Figure 7. In this paper, one-way

coupling is assumed, i.e. mechanical analysis is dependent on thermal and

moisture transport analyses but not vice-versa. Furthermore, it is also as-

sumed that thermal and moisture transport analyses are independent of each

other. The conductivity matrices KT and Kc for these analyses are deter-

mined from CH of the underlying RVEs with known conductivities for matrix

and yarns materials. Both KT and Kc are calculated only once and are used

subsequently for each Gauss point and every time step for the macro-level

heat transfer and moisture transport analysis respectively. At each time

step, temperature T and moisture concentration c fields are saved to the

macro-mesh, which are used to calculate the degradation parameter 1− ω.

The residual associated with Equation (46) is written as

F =
d

dt
(1− ω) + cβln

(
1− T

Tg

)
(1− ω) . (47)

Discretisation of the degradation parameter follows the standard form:

(1− ω)h = NW (1−ω), (48)

where (1− ω)h is the approximation of (1− ω) and W (1−ω) is vector of un-

known nodal values of (1− ω). In the discretised form Equation (47) is
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written as

F =

∫
Ω

N T

(
dNW (1−ω)

dt
+ cβln

(
1− NT

Tg

)
NW (1−ω)

)
dΩ (49)

Furthermore, the Jacobean associated with Equation (47) is written as

J =
∂F

∂ (1− ω)
+ a

∂F

∂
�

(1− ω)

, (50)

where
�

(1− ω) = d(1−ω)
dt

and a is a positive shift, the value of which depends

on the integration scheme used. In discretised form Equation (50) is written

as

J =

∫
Ω

N T

(
cβln

(
1− NT

Tg

)
+ a

)
dΩ (51)

Solution of Equations (49) and (51) leads to field (1− ω) on the macro-mesh

for each time step. At each time step, the macro-mechanical problem con-

sisting of linear elastic analysis is next solved using the fully nested FE2 algo-

rithm. At each macro-level Gauss point, the degradation parameter (1− ω)

is calculated and transferred to the underlying mechanical RVE. Degrada-

tion is considered only for the matrix part of the mechanical RVE; the fibres

remain undegraded at present. The homogenised matrix C is calculated for

each mechanical RVE and passed back to the macro-Gauss point to be used

in the subsequent macro-mechanical analysis.

6. Heuristic method for computation of yarn directions

In order to re-orient the known stiffness matrix for the transversely isotropic

material from the local coordinates to global coordinates, the yarn directions
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at each Gauss point need to be determined. To do this it is possible to simply

use the cubic splines that were used to construct the yarns. However, this

can lead to inaccuracies in the case of yarns with non-uniform cross-sections

along their length. An alternative approach is proposed here in which the

yarn directions are determined by solving the potential flow field separately

along each yarn. The governing equation for potential flow is given as

∇2φ =
∂2φ

∂y1
2

+
∂2φ

∂y2
2

+
∂2φ

∂y3
2

= 0, (52)

where φ is the stream function, the gradient of which, i.e. ∇φ = v sub-

sequently determines the yarn directions. A detailed description of how to

transfer the stiffness matrix for transversely isotropic material between local

and global coordinate axes is given in previous publications [39, 42, 43].

7. Numerical example

A macro-level three-dimensional plate structure with a hole is considered,

the geometry for which is shown in Figure 8(a). For the macro-level thermal

problem a temperature of 80 oC is applied to the top and bottom surfaces

and constant heat flux is applied to the left and right surfaces. Similarly, for

the moisture transport problem, a constant concentration of 1 (100% RH) is

applied to the top and bottom surfaces and constant moisture flux is applied

to the left and right surfaces. For the macro-mechanical analysis, a uniform

pressure of 1000 MPa is applied along the upper and lower faces in the vertical

direction. Due to symmetry of the geometry and boundary conditions for

heat transfer, moisture transport and mechanical analysis, only one-eighth

of the problem, shown in grey in Figure 8(a) is considered.
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The RVE used in this case, comprising a plane wave textile composite,

is shown in Figure 9(a). The geometry parameters for the RVE are shown

in Table 1. Both macro-structure and RVE are discretised with tetrahedral

elements with 780 elements in the case of macro-structure and 10,285 ele-

ments in the case of the RVE. An example of the yarn directions for the

currently used RVE calculated from the potential flow analysis is shown in

Figure 9(b). For the matrix material, thermal conductivity, density, spe-

cific heat and moisture diffusivity are 190 kg mm/s3C, 1.2x10−6 kg/mm3,

805x106 mm2/s2C and 2.810−6mm2/s respectively, while the corresponding

values used for the yarns, with the same units, are 1030, 2.53x10−6, 1000x106,

1.4610−7, 230 and 0.26. For the mechanical RVE analysis, the matrix and

yarns are assumed to be isotropic and transversely isotropic materials respec-

tively. The material properties used are shown in Table 2.

The correct numerical implementation of the degradation model on the

macro-mesh, shown in Figure 8(b), is verified by exposing it to temperatures

of 25oC, 60oC and 80oC for 112 days. The moisture concentration is kept

at 100% throughout the domain. Comparison between the simulation re-

sults recorded at point B (shown in Figure 8(b)) and the model prediction

using the degradation model given in Equation (44) is shown in Figure 11.

Both degradation model and simulation results are in excellent agreement,

verifying the numerical implementation.

Before starting the actual multi-scale and multi-physics analysis, conver-

gence studies are performed for all the three type of RVEs (heat transfer,

moisture transport and mechanical) for the calculation of the homogenised

matrices. In the convergence analysis, 1st, 2nd and 3rd order approxima-
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tions are used based on hierarchic basis functions [36]. The corresponding

degrees of freedom in the case of heat transfer and moisture transport are

2,364, 16,214 and 51,836 respectively, while for mechanical case the degrees

of freedom are 7,092, 48,642 and 155,508 respectively. Diagonal elements

of the homogenised matrices KT and Dc and C in the case of heat trans-

fer, moisture transport and mechanical RVEs are plotted versus the order

of approximation and are shown in Figure 10(a-c). There are some notice-

able difference as a result of increasing the order of approximation from 1

to 2 but further increasing the orders of approximation has no significant ef-

fect. Therefore, approximation order of 2 is selected for the CH for all three

types of RVEs, as the computational cost will increase dramatically with 3rd

approximation with very little effect on the results.

Both macro-level thermal and moisture transport problems are solved

with time step of 10 days for total time of 1000 days. Heat transfer reaches

equilibrium very quickly as compared to the moisture transport analysis due

to its higher value of thermal conductivity. At the end of the simulation,

temperature and moisture concentration fields are shown in Figures 12(a)

and 12(b) respectively. Furthermore, at each time step the damage variable

(1− ω) is calculated from both the temperature and moisture concentration

fields, see Figure 13(a). As expected, the area near the top surface of the

plate degraded more as compared to the bottom surface due to the higher

temperate and moisture concentration. Vertical displacement uy at the end

of simulation is shown in Figure 13(b), while vertical displacements relative

to the first time step for points A, B, C and D (identified in Figure 8(b)) are

shown in Figure 13(c). It is clear that this increase in vertical displacement

24



at constant load is due to the degradation of the macro-structure stiffness.

8. Concluding remarks

In this paper, an ongoing work, consisting of a coupled hygro-thermo-

mechanical computational framework based on multi-scale CH is described

for textile based FRP composites. A degradation model is developed from

the experimental data for the mechanical properties of FRP composites and

is incorporated in the computational framework. The numerical formula-

tion and corresponding implementation of the degradation model are de-

scribed. Numerical implementation of the RVE unified boundary conditions

and the associated computation of homogenised stresses and stiffness ma-

trix are also given in detail. For the accurate modelling of the textile RVE

for the thermal, moisture transport and mechanical analyses, convergence

studies based on the hierarchic basis functions are also conducted. For the

mechanical analysis, matrix and yarns are considered as isotropic and trans-

versely isotropic materials respectively. For the transversely isotropic mate-

rials, principal directions are calculated using potential flow analysis. The

proposed computational framework is designed to take advantage of high per-

formance computing for distributed memory computer architectures, leading

to an efficient code even for large computations associated with multi-scale

and multi-physics algorithms. A three-dimensional numerical example is pre-

sented to demonstrate the correct implementation and performance of the

proposed computational framework. The degradation model is sufficiently

general to allow it to be applied to different composites and fitted to differ-

ent experimental data.
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35



0 50 100 150 200 250 300 350 400
0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

Tempratue (K)

α
(T

)

Experimental

Least square fitt ing

Figure 4: α(T ) versus temperature (experimental and least square fitting)

36



0 20 40 60 80 100 120

2.5

3

3.5

4

Time (days)

S
h
ea

r
m
o
d
u
lu
s
(G

P
a
)

Experimental-25

Experimental-60

Experimental-80

Fitted-25
Fitted-60
Fitted-80
Model-25
Model-60
Model-80

Figure 5: Comparison of model predictions with experimental and fitted values of shear
modulus

37



0 1

1

Figure 6: γ (c) versus moisture concentration c

38



Thermal RVE
Moisture transport

 RVE

Homogenised Homogenised 

Macro unsteady thermal 

analysis

Macro unsteady moisture 

transport analysis

Calculation of degradation 

parameter            on 

macro mesh 

Temprature 

field

Moisture 

concentration field

Macro mechanical analysis 

at each time step

field

Mechanical RVE

at each macro 

Gauss point

Homogenised

Figure 7: Flow chart for the computational framework

39



20

40

1

10

(a) Geometry (b) Macro-mesh

B

A

C

D

Figure 8: Macro-level geometry and mesh for the numerical example

40



(a)  Representative volume element

Wwarp

hgap warp

HRVE

WRVE

LRVE

WweftHweft

hgap weft

Vgap

(b)  Yarn directions

M
at

rix
 

Fu
ll 

RV
E

Y
ar

ns

Figure 9: Representative volume element geometry and yarn directions

41



1 1.5 2 2.5 3
0

2000

4000

6000

8000

10000

12000

14000

16000

Approximation order

E
f
ec
ti
v
e
m
ec
h
a
n
ic
a
l
co
ef
ci
en
ts
(M

P
a
)

C11

C22

C33

C44

C55

C66

1 1.5 2 2.5 3
1.05

1.1

1.15

1.2

1.25

1.3

1.35

1.4

1.45

1.5
x 10

−6

Approximation order

E
f
ec
ti
v
e
m
o
is
tu
re
d
if
u
si
v
it
y
(
m
m
2

s
)

D x
c

D y
c

D z
c

1 1.5 2 2.5 3
280

300

320

340

360

380

400

420

440

460

Approximation order

E
f
ec
ti
v
e
th
er
m
a
l
co
n
d
u
ct
iv
it
y
(
k
g
m
m

s
3
C
)

K x
T

K
y
T

K z
T

(a) (b)

(c)

Figure 10: Diagonal elements of the homogenised matrices KT , Dc and C in the case of
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Figure 12: Temperature and moisture concentration fields at the end of simulation for the
numerical example
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the numerical example

45



Table 1: RVE geometry parameters (all dimension in mm)

Parameters Values Parameters Values
Wwarp 0.3 Wweft 0.3
Hwarp 0.1514 Hweft 0.0757
h gapwarp 0.09 hgapweft 1.2
LRV E 3.0 vgap 0.012
WRV E 0.78
HRV E 0.3
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Table 2: RVE mechanical parameters (all modulii in GPa)

Fibres properties Matrix Properties
Ep Ez νp νz Gpz E ν
17.5 35 0.26 0.26 8.75 3.5 0.3
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